Abstract. We construct a biconnected set with a dispersion point which can be embedded into a rational continuum. The example possibly answers a question by Joachim Grispolakis. It generates an indecomposable connected plane set which also embeds into a rational continuum. The latter example is completely metrizable and widely-connected. In contrast, we prove no indecomposable semicontinuum embeds into a rational continuum. We also show that every cohesive almost zero-dimensional space has a one-point connectification in the Lelek fan.
1. Introduction 1.1. Background and Summary. E.D. Tymchatyn [18] showed that the Knaster-Kuratowski fan does not embed into any rational continuum 1 and proved that a separable metric space X has a rational metrizable compactification if and only if X has a basis of open sets with scattered boundaries [18, Theorem 1] . In Example 1 of the present paper we will construct a connected subset of the Cantor fan having a basis of open sets with discrete boundaries, possibly answering the question: Is it true that no biconnected set with a dispersion point can be embedded into a rational continuum? This was asked by Joachim Grispolakis in the Houston Problem Book [4, Problem 79] . Our example provides a negative answer if by a dispersion point is meant a point p in a connected space X such that all connected components of X \ {p} are degenerate.
By a technique in [16] , the set in Example 1 generates a widely-connected subset of the bucket-handle continuum also having a basis of open sets with discrete boundaries. This will be Example 2. In contrast, in Section 2 we will prove that no indecomposable semicontinuum embeds into a rational continuum. Further, any compactification of such a space must be non-Suslinean.
In Section 3 we show that every cohesive almost zero-dimensional space has a dense one-point connectification in the Lelek fan. Thus, if there exists a cohesive almost zero-dimensional space which embeds into a rational compactum, then there exists a completely metrizable example which does the same.
1.2.
Terminology. By a continuum we shall mean a connected compact metrizable space with more than one point.
A continuum is rational if it has a basis of open sets with countable boundaries. By second countability, each rational continuum can be written as the union of a zero-dimensional subspace and a countable set.
A connected space X is indecomposable if X cannot be written as the union of two proper closed connected subsets. This is equivalent to saying every proper closed connected subset of X is nowhere dense. A connected space X is widely-connected if every proper closed connected subset of X is degenerate. Widely-connected sets are punctiform, meaning they contain no continua.
A non-empty continuum-wise connected space is called a semicontinuum.
A continuum Y is Suslinean if every collection of pairwise disjoint subcontinua of Y is countable. Every rational continuum is Suslinean. For if Y is rational, then there is a zero-dimensional space P and a countable set Q such that Y = P ∪ Q. Each subcontinuum of Y must intersect Q.
A space X is almost zero-dimensional if X has a basis of neighborhoods each of which is an intersection of clopen subsets of X. A space is cohesive if every point of the space has a neighborhood that does not contain a clopen set.
Examples
Let C ⊆ [0, 1] be the middle-thirds Cantor set. For each σ ∈ 2 <ω define 0(σ) = n−1 k=0
The set of all B(σ)'s is the canonical clopen basis for C.
By the Cantor fan we shall mean the union of straight line segments
For any set X ⊆ C × (0, 1] define ∇X to be the natural copy of X in the Cantor fan, plus the vertex Example 1. Our goal is to construct a hereditarily disconnected X ⊆ C × (0, 1) such that ∇X is connected and ∇X has a basis of open sets with discrete boundaries. To accomplish this, we will essentially reduce C × (0, 1) to a zero-dimensional set P by deleting ω-many pairwise disjoint copies of a certain compact set
. Then X will be obtained by adding back a countable point set Q. We begin with a function which was introduced by Wojciech Dębski in [5] . Let {d n : n < ω} ⊆ C be a dense set of non-endpoints. Each d n is the limit of both increasing and decreasing sequences of points in C.
Observe that f is non-decreasing and {d n : n < ω} is the set of (jump) discontinuities of f ;
be the graph of f together with the vertical arcs from d n , r n to d n , s n . Then:
consisting of all half-open intervals "below" D and "above" D, respectively. Recursively define a sequence R 0 , R 1 , ... of finite partial tilings of C × [0, 1] so that for each n < ω:
Fix σ ∈ 2 n , and partially tile B(σ) × [0, 1] in the following way. The sets
can be enumerated x 0 , ..., x N and y 0 , ..., y N , respectively, such that x 0 < y 0 < x 1 < y 1 < ... < x N < y N and x j and y j belong to the same
Do this for each σ ∈ 2 n to obtain R n .
: n < ω} be the set of midpoints of the vertical arcs in D, and define
n < ω and i < |R n |}. In other words, X = P ∪ Q where
Proof of Claim 1. Suppose not. Then there is a vertical arc I ⊆ X of positive height. Apparently, I ∩ Q = ∅ because each point c, r ∈ Q is isolated in its strand X ∩ {c} × [0, 1]. Thus I ⊆ P . For each n < ω let i(n) < |R n |, k(n) ≤ n, and j(n) < |R k(n) | be given by condition (iv), so that
is less than or equal to 2 1+k(n) , so {k(n) : n < ω} must be finite. On the other hand,
implies {k(n) : n < ω} is infinite. We have a contradiction. 
, and
Supposing ∇X is not connected, there exists a clopen partition {A, B} of X and a point c 
.
We may define Π 1 and finite
, and then let W 1 = e, s ∈ X : ∃k < ω and n, i ∈ Π
. Example 2. Let X be the set from Example 1, and let W [X] be the subset of the bucket-handle continuum described in [16] . Since X is dense in C × (0, 1) and ∇X is connected, W [X] is connected. Further, since X is hereditarily disconnected, W [X] widely-connected. These facts are all proved in [ Proof. Let X be an indecomposable semicontinuum, and let K 0 , K 1 , ..., K n−1 X be continua. Suppose for a contradiction that K := {K i : i < n} disrupts some finite collection of non-empty open sets U. Since K is nowhere dense, we may assume each element of U misses K.
Let m = |U| and enumerate U = {U 0 , U 1 , ..., U m−1 }. Let l ≤ m be the least integer for which there are elements U 0 , U 1 , ..., U l−1 ∈ U and non-empty open sets
contains a dense subset of V 1 .
Every constituent M ⊆ N is contained in a semicontinuum S ⊆ N such that S intersects some K i . To see this, let p, q ∈ M × V 0 , and let L ⊆ X be a continuum such that {p, q} ⊆ L.
Boundary bumping [7, Lemma 6.1.25] in L now shows that for each n < ω there is a continuum L n ⊆ L \ K such that p ∈ L n and L n intersects boundary of the 1/(n + 1)-disc around K. The semicontinuum S := {M ∪ L n : n < ω} is contained in N , and S ∩ K = ∅ by compactness of K.
We conclude that N := {S : S is a maximal semicontinuum in N } has at most n connected components. As V 1 ⊆ N , some component C of N is dense in a non-empty open subset of V 1 . Then C is a closed connected subset of X \ V 0 with non-empty interior. This violates indecomposability of X.
Repeated applications of
Corollary 4. Let Y be a Suslinean continuum, and let X ⊆ Y be an indecomposable connected set. Then each semicontinuum S ⊆ X is nowhere dense in X.
Proof. For if a semicontinuum S ⊆ X were not nowhere dense in X, then by indecomposability of X it must be that S = X. But then S is indecomposable and we contradict Theorem 3.
By Lemma 2 and [17, Theorem 32], we also find that if Y is inverse limit on a fixed topological graph G (e.g. let Y be an arc-like or circle-like continuum), and Y is the closure of an indecomposable semicontinuum, then Y is an indecomposable continuum.
Cohesive almost zero-dimensional space
Half of [6, Proposition 5.4] shows that every cohesive almost zero-dimensional space has a one-point connectification. The main objective of this section is to show these connectifications exist in the Lelek fan. The proof will be based on Chapters 4 and 5 of [6] .
A function f :
Both sets are equipped with the topology inherited from the product X × [0, ∞).
We say ϕ is a Lelek function with bias ψ if X is zero-dimensional, ϕ and ψ are USC, X := {x ∈ X : ψ(x) < ϕ(x)} is dense in X, and G [12] . The domain C must be a Cantor set, and if we identify the set C × {0} to a point in L ϕ 0 , then we obtain a Lelek fan with set of endpoints G ϕ 0 . Paul Erdős [9] proved that the almost zero-dimensional complete Erdős space E c = {x ∈ 2 : x i ∈ {0} ∪ {1/n : n = 1, 2, 3, ...} for each i < ω} is cohesive by showing each of its non-empty clopen subsets is unbounded in the 2 -norm. A proof is also given by the author in [16] . A Lelek fan with set of endpoints naturally homeomorphic to E c is the fan over the Cantor set ({0} ∪ {1/n : n = 1, 2, 3, ...}) ω with Lelek function 1 1+ · (which is set equal to 0 when x = ∞). Indeed, the mapping 
Proof. Let E be non-empty, cohesive, and almost zero-dimensional.
By [6, Lemma 4.11] there is a USC ϕ : X → (0, 1) with zero-dimensional domain X such that E G 
Let ρ be the metric on X × [0, 1) defined by ρ( x, t , y, s ) = max{d(x, y), |t − s|}. Define χ :
According to the proof of [6, Lemma 4.9] , χ is Lelek and
We claim that every non-empty clopen subset of G χ 0 has a limit point in X × {0}. Well, let A be a non-empty clopen subset of G χ 0 . Let x, χ(x) ∈ A. We will show x, 0 ∈ A. Toward that end, observe that x, ψ(x) ∈ h −1 [A]. For otherwise there exists ε > 0 and r, s ∈ [0, 1) such that r < ψ(x) < s and
Then by the definition of ψ there exists δ < ε such that (ψ(x), s) ∩ J δ (x) = ∅. Let t be an element of this intersection, and let V be a clopen subset of X such that
is a non-empty (it contains x, ϕ(x) ) clopen subset of
so χ(x i ) → 0, and thus x i , χ(x i ) → x, 0 . This shows x, 0 ∈ A, establishing the claim.
Let K be a zero-dimensional compactification of X. By [6, Lemma 4.8] , χ extends to a Lelek function
and vertex p, the equivalence class of K × {0}. By [3] there is a homeomorphism H : L → L. By construction there is also a homeomorphism η : E → H[G 
Questions
The following variation of [4, Problem 79 ] is still open. Question 1. Is it true that no biconnected set with an explosion point can be embedded into a rational continuum?
We call a point e in a connected space X an explosion point if all quasi-components of X \ {e} are degenerate.
Question 2. Is it true that no cohesive almost zero-dimensional space can be embedded into a rational compactum?
To answer Question 2 affirmatively, by Corollary 7 it suffices to show there is no complete counterexample. Taras Banakh has shown that E, the rational 2 space, is not rational [2] . Moreover every bounded open subset of E has boundary of size c. This answered a question of the author. Question 3. Does every complete cohesive almost zero-dimensional space contain a copy of E?
